In front of a mirror, the radiation of weakly driven large disordered clouds presents an interference fringe in the backward direction, on top of an incoherent background. Although strongly driven atoms usually present little coherent scattering, we here show that the mirror-assisted version can produce high contrast fringes, for arbitrarily high saturation parameters. The contrast of the fringes oscillates with the Rabi frequency of the atomic transition and the distance between the mirror and the atoms, due to the coherent interference between the carrier and the Mollow sidebands of the saturated resonant fluorescence spectrum emitted by the atoms. The setup thus represents a powerful platform to study the spectral properties of ensembles of correlated scatterers.
I. INTRODUCTION
Scattering techniques are a powerful tool to detect order in matter. When the wavelength of light becomes commensurate with a length scale of an ordered structure of scatterers, constructive interferences lead to a strongly directional emission, a phenomenon known as Bragg scattering, in clear analogy with Young's double slit experiment [1] . Bragg scattering techniques have turned in a fundamental tool in crystallography and many other fields.
In disordered systems intuitively one rather expects an incoherent (destructive) sum of waves, yet several phenomena based on constructive interference have been identified, as for example the Coherent BackScattering of light (CBS). CBS relies on the constructive interference of two reciprocal paths, and leaves a clear signature of fringes in the backward scattering which presents an intensity higher than the radiation background. Observed for light, acoustic, seismic and matter waves, it relies on the symmetry between (time-reversed) reciprocal paths of multiple scattering [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] .
Cold atoms have been a popular medium to study CBS of light, due to the high level of control of the lightmatter coupling which can be achieved, and to the relative absence of decoherence mechanisms and inhomogeneous broadening. Still, several effects can affect the symmetry between the reciprocal paths for a cold atomic sample, which in turn reduces the contrast of the CBS cone. These can be the presence of an internal structure for the atoms [12] [13] [14] [15] , the saturation of the atoms as a which-path information becomes available through the inelastically scattered waves [16, 17] , or other mechanisms [18] . However a quantum-mechanical treatment of even only double-scattering phenomena is a daunting task, so the proper tools to describe accurately the CBS in highly saturated atoms are still missing [19] [20] [21] [22] .
We here address the problem of interferences in saturated disordered atomic systems in a somewhat simpler setup, when an optically dilute cloud is put in front of a mirror. Excited by an incident laser light beam and by its reflection on the mirror, the atoms and their mirror images generate a fringe pattern that resists to the disorderaveraging of large clouds. This mirror-assisted coherent backscattering process, hereafter called mCBS, has been studied initially in the linear optics regime [23, 24] . In the case of saturated atoms, the contrast was shown to reduce as the saturation of the atomic transition increases, yet at a much lower rate than for CBS [25] . Indeed, mCBS relies on single scattering for strongly correlated atoms, i.e., the interference of the radiation of an atom and its mirror image, rather than scattering by two or more atoms as in the case of CBS.
An important difference between the mCBS set-up and those relying on multiple scattering within the cloud is the travel time necessary to reach the mirror. Consequently, the different spectral components of the light scattered inelastically by saturated atoms spread out in phase, and one could naively expect that this would weaken the fringes' contrast (an effect which was absent in [25] , since for that experiment the distance to the mirror was not enough to probe the frequency broadening of the fluorescence light). Studying the quantum properties of the mCBS set-up, we here show that, contrarily to this naive expectation, the specific structure of the Mollow fluorescence spectrum allows for a high contrast even in the strongly saturated limit, provided the optical path to the mirror is well chosen. Within the right optical path, the sidebands of the Mollow triplet [26] can be made to interfere constructively, even if averaged over the many atoms of a disordered cloud.
The Mollow spectrum of highly saturated scatterers has been first measured for an atomic beam [27] [28] [29] , and since then for several other highly driven physical systems such as single molecules in a solid substrate [30] , quantum dots [31] [32] [33] , vacancy centers in diamond [34] . The spectrum of a strongly driven system is proportional to the Fourier transform of the first order optical coher-
Left: Scheme of the experiment, where an incident beam is reflected on a mirror, thus creating a stationary wave. The emission is collected from the atoms and their mirror image. Right: Rabi frequency along the cloud, due to the stationary wave. The two insets are examples of inelastic spectra radiated by atoms at different positions of the stationary wave.
ence, and gives valuable information about the coherent internal dynamics of the emitter and the environment that causes its decoherence [35] : Emitters in squeezed vacuum show Mollow peaks with modified width and relative weight [36] , and emitters coupled to cavities [37] or to other emitters [38, 39] can present high asymmetries between the two Mollow sidebands. In our setup, the dynamics of the first order optical coherence is mapped onto the dependence of the contrast of spatial interference fringes on the mirror distance. to the contrast of spatial interference fringes on the mirror distance. Moreover, we show here that the fringes can be obtained for arbitrarily high Rabi frequencies, which turns the mirrorassisted configuration into a powerful platform to study the quantum optics properties of strongly-driven scatterers.
This paper is organized as follows: In Sec. II, we derive the spatial mCBS fluorescence profile for a single atom. In Sec. III, we extend these results to a disorder-averaged cloud of scatterers. In Sec. IV, we analyze in detail the dependence of the atomic fluorescence spectrum on the observation direction and on the atomic position in the cloud, to better understand the survival of the contrast after disorder-averaging. In Sec. V, we state our main conclusions and perspectives.
II. RADIATION FROM A SINGLE ATOM AND ITS MIRROR IMAGE
Let us first consider a single two-level atom at position r = (x, y, z), placed in front of a mirror which lies at the plane z = 0 (see Fig. 1 ). When illuminated by an incident laser of Rabi frequency Ω 0 , the atom gets excited by both the laser and its reflection at the mirror, and its radiation sums up with that of its mirror image. The wavevector of the incident light, described as a plane wave, reads (0, −k sin θ 0 , k cos θ 0 ), with θ 0 1 the incidence angle and k the laser light wavenumber.
The superposition of both incoming and reflected laser beams create a standing wave along z and a propagating wave along y, and the Rabi frequency Ω(r) seen by the atom is given by Ω (r) = 2Ω 0 cos(kz cos θ 0 )e −iky sin θ0 .
with Ω 0 the homogeneous Rabi frequency of the incident plane wave. In the semiclassical limit, the atomic dynamics is described by the well-known Bloch equations. Callingσ,σ † andσ z the atomic operators, these equations read [40] 
with the commutation relations [σ,σ z ] = 2σ and σ † ,σ =σ z . In the far-field limit, the field emitted by an atom at r that reaches a detector at a point R and at a time t is given bŷ
wheren = k/k ∼ = R/R is the unitary vector pointing in the R−r direction (k = k(sin θ cos ϕ, sin θ sin ϕ, − cos θ)), d is the electric dipole transition matrix element, 0 the vacuum permittivity and c the speed of light. Now, in the presence of the mirror, the radiation detected at a point R is composed of the radiation emitted in this direction, plus the radiation reflected in this direction by the mirror, which was first emitted in a direction k = kn = k(sin θ cos ϕ, sin θ sin ϕ, cos θ). Summing both contributions and considering the steady-state situation, we obtain
up to a phasor exp[i(kR−ωt)] which is independent from the atom position. The intensity of the light scattered by the atom is now calculated as
where
2 0 R 2 and τ c = (n −n) · r/c = 2z cos θ/c is the path difference in time units between the two contributions to the scattered light. One now sees that the distance between the mirror and the atom is responsible for the appearance of a two-time correlator, as the light scattered in the observation direction k interferes with that emitted into the direction of the mirror k . The stationary dynamics of a single atom driven by a resonant field with Rabi frequency Ω and at resonance (∆ = 0) is given, in the stationary regime (t → ∞), by
where we introduced the saturation parameter at resonance s = 2|Ω(r)| 2 /Γ 2 and the Mollow frequency Ω M (r) = Ω(r) 2 − Γ 2 /16. The fluorescence spectrum of a saturated single atom, which is given by the Fourier transform of correlator (8), is characterized by the emergence of sidebands, also known as the Mollow triplet [26] . Their width is comparable to the transition linewidth, and their separation to the carrier is equal to Ω M . One then obtains from Eq. (6):
Let us first discuss the low saturation case (s 1), i.e., the linear optics regime. In this case, Ω M ≈ iΓ/4, and the intensity can be approximated by
with s 0 = 8Ω 2 0 /Γ 2 the saturation parameter at the peak of the standing wave. In the weak field limit the intensity does not depend on the delay τ c since the scattered light is emitted elastically, i.e., at the same frequency as the incident field. In this regime, a single atom in front of the mirror will exhibit an angular interference pattern with full contrast C = (I max − I min )/I background = 2, where I background corresponds to the average intensity for the case of a single atom (see Fig.2 ), and angular period π/kzθ 0 around the small angle θ 0 .
We then turn to the high saturation regime (s 1), first assuming that the delay time is small compared to the transition lifetime Γ −1 (Γτ c 1) so there is no dispersion within a single peak of the Mollow triplet, whereas it can be significant between different peaks. Eq.(9) then simplifies into
The single-atom contrast is here given by C = 1 + cos(Ω M τ c ), so it oscillates as the delay time τ c or Rabi frequency Ω M is tuned. In particular, for Ω M τ c = 0 mod (2π) the full contrast is recovered, whereas for Ω M τ c = π mod (2π), a pattern without fringes will be observed (see examples in Fig.2 ). In the former case, the difference in optical path for each Mollow sideband is the same as for the central peak, so they interfere constructively and destructively at the same angles, and altogether have the same amplitude as the background. The same situation is encountered in the linear optics regime. In the latter case (Ω M τ c = π mod (2π)), due to opposite interferences at each angle, the contribution of the Mollow sidebands cancels the one of the central peak, so only the background radiation is observed.
The growing distance between the atom and its mirror image will thus present successive drops and revivals of the contrast due to the constructive/negative interference between the Mollow sidebands and the central peak. These revivals will be eventually attenuated by the loss (12) overlaps extremely well with the exact contrast obtained from Eq. (9), so it is not represented here. Simulations realized for Ω0 = 10Γ with the atom at the crest of the standing wave intensity, and a laser incidence angle of θ0 = 1
• .
of coherence between the photons emitted by the atom and its mirror image as the time difference between their emission becomes of the order of Γ −1 (i.e., a single peak of the Mollow triplet presents dispersion over the travel until the mirror and back). Fig. 3 illustrates these oscillations of the contrast, damped over distances of the order of c/Γ. More specifically, for large Rabi frequencies and non-negligible decay Γτ c , the contrast approximates very well as
III. MCBS IN LARGE CLOUDS
The scenario may change dramatically in large disordered clouds, since the random phase acquired by the atoms from the laser may blur the fringes. The saturation of the atoms is expected to contribute further to the decrease of the contrast, since the Rabi frequency seen by an atom depends on its position in the standing wave, giving rise to different fluorescence spectra for atoms at different positions.
The electric field of the scattered light is now the superposition of the field scattered by all atoms, each one at a position r j = (x j , y j , z j ), with j ∈ {1, ..., N } which indicates each one of the N atoms. Let us discuss the case of optically dilute clouds, where the light-mediated dipole-dipole interaction can be neglected. The radiation of each atom is then described by single scattering theory, with an electric field exactly as in the single atom case (5). The total light intensity has thus now the form
where k ⊥ = k(sin θ cos ϕ, sin θ sin ϕ, 0). We have made here the approximation that the dispersion between the different atoms of the cloud is negligible, i.e., (n · r j −n · r m )/c ∼ = τ c for all j and m. This approximation is well justified for cold atoms experiments with atomic clouds at most centimeter-sized, and driving Rabi frequencies of hundreds of MHz. In the single scattering theory, twoatom connected correlations are null, which in the steadystate reads: 14) so the intensity decomposes as
The two first lines describe single-atom contributions, which can be obtained by summing (9) over the different atoms and their different saturation parameters, while the last term stands for the interference between them. Averaging over the (uncorrelated) disorder of the cloud makes the last sum in Eq.(15) disappear due to the vanishing average of the transverse phase term exp(ik ⊥ ·(r j − r m )), so the intensity is the sum of the single-atom ones:
(16) The first term in (16) provides an isotropic background, with no dependence on k, as one generally expects from an average over disorder. We note here that in the far-field limit the transverse dimensions (x and y) of the cloud play no role when summing the contributions of the atoms. Switching to the continuous limit, we assume a Gaussian atomic density:
with h the average distance of the cloud to the mirror. The saturation parameter at resonance for each atom is,
, and thus only the integral over z gives a non-trivial result. We obtain
where the subscript z in the two-times correlator indicates that we must consider the local Rabi frequency.
A. Mirror close to the cloud
In a previous work [25] Eqs. (16) and (17) had been derived, but without the two-time correlator which reflects the finite coherence time in the system: In the τ c → 0 limit, when the mirror is close to the atomic cloud, the results of that previous work are recovered.
In particular, it was shown that in the low drive regime (Ω 0 Γ) where the inelastic scattering contribution is negligible, the standing wave creates a grating of excited population of step λ cos θ 0 as the atoms respond linearly to the incident field. Let us remind that we assume there is no density modulation, only a Gaussian shape for the cloud. The grating of excited population then produces a constructive interference in directions θ = θ 0 mod (π/khθ 0 ), in an angular opening of 1/2θ 0 kσ z around θ 0 (see Eqs. (18) (19) ). One can then show that the intensity reads
with
We see that, as in the case of CBS, where the cloud density can affect the shape of the CBS cone [41] , the envelope of the mCBS interference fringes also depends on the cloud spatial density. Now, as we increase the saturation parameter for a cloud close to the mirror, the mCBS fringes obtained from the modulation of excited population decreases monotonically since the atomic population saturates everywhere apart from a vanishing region around the nodes of the standing wave 2Ω 0 cos(kz cos θ 0 ), as deduced in Ref. [25] .
B. Mirror far from the cloud
There is nevertheless another mechanism that can maintain constructive interference in the saturated regime, namely the role of the sidebands, as revealed by a closer analysis of the two-time correlator (8) . To pin down this effect, let us first neglect the inhomogeneity in the excited population of the atomic cloud, as it is particularly relevant for high saturation parameters. Practically, we assume that in Eqs. (8) and (17), the elastic scattering contribution can be neglected (s/2(1 + s) 2 ≈ 0), as well as the modulation of the excited population (s/(1 + s) ≈ 1); we also assume (s − 1)/(s + 1) ≈ 1 to neglect the extra modulation of the Mollow sidebands, and the last term in (8) , which scales as Γ/Ω M ∼ 1/ √ s, is also neglected. The expression of the intensity (17) then reduces to
Instead of the excited population, the gradient in the atomic cloud that gives rise to the interference pattern now originates in the modulated Rabi frequency Ω M (z) in the last term of Eq. (20), whereas the resonant peak term, proportional to e −Γτc/2 , will clearly have a vanishing average for large clouds. The resulting fringes depend on the delay time τ c , as it can be seen in Fig. 4 .
FIG. 4.
Intensity pattern for a large cloud in the highly saturated regime for different time delay times τc. Simulations realized for a cloud with σz = 1cm and Ω0 = 10Γ, with a laser incidence angle of 1
The contribution of the spatial modulation of the Rabi frequency can be more precisely evaluated by approximating the local Rabi frequency as Ω M (z) ≈ Ω(z) = 2Ω 0 cos(kz cos θ 0 ) and expanding it in Fourier modes
where the J α (z) are the Bessel functions of first kind.
We thus see that inside the integral (20) there will be an infinite series of terms of the form cos(2kz cos θ) cos(2nkz cos θ 0 ). For large clouds, all these terms average out to zero, except for the n = 1 term at observation angles θ ≈ θ 0 1. Then the intensity simplifies into
This results in a contrast:
At large Rabi frequencies, the above formula is in very good agreement with the contrast extracted from the exact value of the two-time correlator (8) , as can be observed in Fig. 5 . Interestingly, the maximum contrast is reached for Ω 0 τ c ≈ 3/2, rather than at τ c = 0 where the absence of delay does not allow for the Mollow sidebands to produce a modulation of the emission (see Fig.  5 ). Thus introducing a substantial distance between the mirror and the atoms allows to observe fringes which originate in the Mollow sidebands: The mCBS setup allows to observe interferences based on inelastically scattered photons only, with a contrast which depends directly on the Mollow spectrum. Moreover, by tuning the position of the mirror and thus the parameter τ c , the dependence of the contrast on the Rabi frequency can be varied in such a way that one can obtain a contrast larger than 0.4 for an arbitrarily high saturation of the atomic transition. (8) and (16), whereas the dotted and dashed ones to the approximate expression (23).
IV. MCBS SPECTRUM
Let us have a closer look at the spectral features of the reflected light, to confirm the specific role of the Mollow sidebands. The radiation spectrum of the cloud is given by the Fourier transform of the first-order optical coherence
Note that since the different atoms are not driven by the same Rabi frequency, we did not normalize the optical coherence by the usual term Ê † (t)Ê(t) [40] . Returning to the case of a single atom in front of the mirror, the mCBS fluorescence spectrum S 1m of a single atom at position r is derived from Eqs. (5) and (8): where S 1 (r, ω) refers to the single-atom spectrum in absence of a mirror and driven by a plane-wave with Rabi frequency Ω(z):
.
The mCBS physics lies in Eq. (25), where one observes that the mirror induces two sources of modulation of the single-atom spectrum: The created standing wave, which modulates the Rabi frequency Ω(z), and the cosine interference term: The argument of the cosine, 2kz cos θ−ωτ c , makes that different frequencies ω will present different angular fringes' maxima θ. As a consequence, the emission spectrum of a single atom is a function of the emission angle θ and the atom position z, as can be clearly seen in Fig. 6 . Depending on its position in the standing wave and on the delay term τ c , the interference of the light directly scattered at the angle θ with the light reflected at θ by the mirror can cancel the contribution of certain frequencies and amplify others, as shown by the cosine in Eq. (25) . For example, atoms at a maximum of the standing wave (kz cos θ 0 = 0 mod π) will always have a maximum resonant (ω ≈ 0) emission in the θ 0 angle, yet the emission of the Mollow sidebands in this direction are canceled for Ω M τ c = π mod (2π). On the other hand, for same Ω M τ c , the same atom will present an opposite scenario in a different angle, where the resonant emission cancels and the Mollow sidebands are amplified by the presence of the mirror (specifically, for θ such that kz cos θ = π mod 2π). Fig.6 illustrates this effect, where the interference of the radiation from the atom and its mirror image is observed to be constructive at different angles for the resonant frequency and the Mollow sidebands.
Returning to large disordered clouds, we use the same hypotheses for the saturated regime as before: The elastically scattered term is dropped (s(z)/2[1 + s(z)] (25)), as a function of observation angle θ. Simulations realized for an atom at 0.3m from the mirror, illuminated by a plane-wave with Rabi frequency Ω0 = 3Γ and incidence angle θ0 = 1
• , and Ω0τc = π/2.
S + (ω) + S − (ω), where
and Ω(z) = 2Ω 0 cos(kz cos θ 0 ). The absence of spatial modulation in S 0 for the radiation of the resonant light (ω ≈ 0) makes that, due to the cosine term in eq. (27) , atoms with different z position coordinates will have fringe patterns which are shifted in θ, so averaging over the cloud results in the disappearance of these fringes and in a mere background radiation. In the case τ c = 0, the Mollow sidebands present the same behaviour. This effect is illustrated in Fig. 7(a-e) , where the angular dependence of the spectra of atoms at different positions of the standing wave exhibit maxima of the resonant emission at different angles, and the sum over all positions of a large cloud (much larger than 2π/k) shows no fringe. On the contrary, for finite delay times τ c , the situation can be quite different. We show in Fig.7(f-j) the angular dependence of the atomic spectra for different atomic positions, for τ c 4Ω 2 0 − Γ 2 /16 = π. In this case, the upper Mollow sideband appear to produce fringes in an almost-constant angle, independent of the atomic position at the cloud. Consequently, the total intensity resulting from the average over the many atoms of the cloud will still present fringes, above the background of the resonant peak.
For a yet simpler picture to characterize the directional emission of the Mollow triplet we use the following property to describe the two sidebands in Eq.(28)
FIG. 7. Emitted spectrum of a single atom in front of a mirror, S1m(ω) of eq. (25), as a function of observation angle θ, for different positions r in the standing wave. Panels (ae) correspond to the condition τc = 0, and panels (f-j) to τc 4Ω 2 0 − Γ 2 /16 = π. The five atoms are located at z = −h + δz, with kδz = 0, π/10, 2π/10, 3π/10, 4π/10, from top to bottom. Simulation realized with a plane-wave of incidence angle 1
• and Rabi frequency 3Γ, for a cloud of length 1mm and at 30cm from the mirror. with δ is the Dirac delta function, γ = 3Γ/4Ω 0 and x = ω/Ω 0 . We are thus describing the two sidebands as Dirac functions in frequency for the highly saturated regime, assuming Ω 0 /Γ 1. A continuous spectrum is still obtained due to the range of Rabi frequency Ω(z) present in the system. After some calculations presented in Appendix A, the inelastic spectrum can be computed as
which is defined for |ω| < 2Ω 0 due to the Dirac assumption for each sideband. Eq. (30) shows clearly that the fringes originate in the Mollow sidebands. Furthermore, the central inelastic peak (27) presents the usual Lorentzian shape, whereas the sidebands exhibit a 1/ω decay that reflects the spread in Mollow frequencies due to the inhomogeneous intensity profile. One remarks that for any τ c a specific spectral component of the sidebands presents fringes (the central peak does not) yet integrating over the whole spectrum yields
Thus only specific delay times τ c yield an optimal contrast for the total intensity, i.e., the values of Ω 0 τ c which correspond to maxima of the J 0 function. Let us remark that J 0 (w) ≈ −J 2 (w) for w 1, which makes Eq.(31) compatible with Eq.(12), up to the e −3Γτc/4 term which reflects the finite linewidth of the sidebands in Eq. (11) . Fig. 7 shows this effect for a value of Ω 0 such that τ c 4Ω 2 0 − Γ 2 /16 = π, which corresponds to high contrast fringes for the saturated regime. In this condition, one observes that the maxima of the fringes created by the upper Mollow sideband are always around the angles θ 0 + π/2θ 0 kh mod (πθ 0 kh). Because of the commensurability of the two modulations, the lower Mollow sideband will also give after disorder-averaging a non-zero contribution to the contrast, since the spatial modulation of 2kz cos θ is linear, while that of Ω M (z) is (approximately) sinusoidal. This spectral analysis confirms that the fringes observed over the background are composed of light scattered inelastically into the two Mollow sidebands.
V. CONCLUSION
We have here discussed the emergence of coherent backscattering of light by large clouds of saturated atoms in presence of a mirror. We have shown that, at odds with interference effects based on multiple scattering, or on interference between different scatterers [1] , the presence of a mirror allows for the fringes' contrast to survive even in the strong saturation limit. Moreover, disorderaveraging of the fluorescence does not destroy the fringes, which makes mCBS a robust, scalable platform for probing temporal correlations of the light radiated by strongly driven correlated scatterers. This system can be used as a valuable tool for detecting deviations from the Mollow theory, such as those caused by modifications on the electromagnetic vacuum surrounding the scatterers [36] , by an enhancement or suppression of vacuum modes (as when the scatterers are coupled to a cavity [37] ), or by collective effects on the saturated scattering of light from the atomic cloud [39] . where f ± (z) = 2 cos(kz cos θ 0 )∓x and z j are its zeros, i.e., the solutions of the equation cos(kz j cos θ 0 ) = ±x/2 for |x| ≤ 2, and |f (z j )| = 2k| cos θ 0 | 1 − x 2 /4. The z j for the upper and lower sideband are kz j cos θ 0 = ± arccos(x/2) + 2πj and kz j cos θ 0 = ± arccos(x/2) + π(2j + 1) respectively, with j ∈ Z. By integrating the Dirac function leads to: 
For a Gaussian distribution, the density term writes ρ(2πj/k) = exp(−(2πj + kh) 2 /2(kσ z ) 2 )/ √ 2πσ z , and for large clouds (kσ z 1) the sum can be turned into an integral which yields
which leads to Eq.(30).
